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' Abstract. Let g: J7 — > M denote a real analytic function on an open subset U of M", 

CO , and let S C dU denote the points where g does not admit a local analytic extension. We 

' show that if g is semialgebraic (respectively, globally subanalytic) , then S is semialgebraic 

(respectively, subanalytic) and g extends to a neighbourhood of U\Ti as an analytic function 
' that is semialgebraic (respectively, globally subanalytic). (In the general subanalytic case, S 

, is not necessarily subanalytic.) Our proof depends on controlling the radii of convergence of 

power series G centred at points h in the image of an analytic mapping (p, in terms of the 
radii of convergence oi G o (pa at points a G 95^^(6), where ipa denotes the Taylor expansion 



■ of ip at a. 



^ ■ 1. Introduction 

^ \ Let g\ t/ — > M denote a real-analytic function defined on an open subset U of 

such that g is semialgebraic (respectively, subanalytic); i.e., the graph of g is semialgebraic 
O ' (respectively, subanalytic) as a subset of x M. Chris Miller asked me the following 

. questions about extension of the domain of g: 
^1 (1-1) Let E denote the subset of the boundary dU of U consisting of points where g 

^ ■ does not admit an analytic extension (to some neighbourhood). Is E a closed semialgebraic 
(respectively, subanalytic) subset of dUl 

(1.2) If so, can g be extended to a neighbourhood of [/\E as an analytic function that 
is semialgebraic (respectively, subanalytic)? 

Note that ii g: [/ ^ M is semialgebraic (respectively, subanalytic and bounded), then 
U is semialgebraic (respectively, subanalytic). If g is semialgebraic, then a local analytic 
extension at a point of dU is semialgebraic (on a suitable neighbourhood). An analytic 
function that is semialgebraic is called algebraic or Nash. 
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2 EDWARD BIERSTONE 

We will show that the answer to (1.1) is "yes" if (7 is a semialgebraic function or a 
bounded (or global) subanalytic function (Theorem 2.3 below) — the proof is a direct 
application of the "graphic point" argument used in [BM, §7] to show that the set of 
smooth points of a subanalytic set is subanalytic. The answer to (1.1) is "no" in the 
general subanalytic case (Example 2.1). 

The answer to (1.2) is "yes" under the hypotheses above (Theorem 2.4). Our proof 
depends on controlling the radii of convergence of g at points of dU\E. This essentially 
means controlling the radii of convergence of power series G centred at points b in the 
image of an analytic mapping (p, in terms of the radii of convergence of G o (p^ at points 
a e (p~^{b). {G o (pg_ denotes the formal composition of G with the Taylor expansion (pa of 
ip sX a.) Let K = M or C. Let V be an open neighbourhood of in K", and let (p: F ^ 
denote an analytic mapping whose Jacobian determinant 

A detl^i^lll^ 

does not vanish identically in a neighbourhood of 0. We write Oh to denote the ring of 
germs of analytic functions at a point h of K"^, and Oh to denote the formal completion 
of Oft; i.e., O^ is the ring of formal power series centred at h. Tougeron [T, 5.10] and 
Chaumat and ChoUet [CC, §17] have shown that, for a given point a e F, there exist 
constants A e N and c > such that, if G e ^(^(a) F = G o (p^ converges in a ball 
|x — a| < r, where r < 1, then G has radius of convergence tq > cr^. The power A can be 
chosen to be independent of a, but c cannot be chosen uniformly: 

Example 1.3. Let C — > C denote the mapping (p{x) = . If G e Oq and F = G o (po 

converges in a disk |x| < r, then G converges in \y\ < r^. On the other hand, if /(x) = x and 
a 7^ 0, then we can solve f — g o(p for g e C<^(a), but g converges only in \y — p{a)\ < |ap. 

We will show that, in general, the lack of uniformity in the constant c is of the same 
nature as in the preceding elementary example: 

Theorem 1.4. Let (p: V ^ denote an algebraic (respectively, analytic) mapping from 
an open neighbourhood V of in . Assume that the Jacobian determinant A of (p does 
not vanish identically in a neighbourhood ofO. Then we can find a neighbourhood W of in 
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V, constants S > and A e N, and a finite filtration ofW by dosed algebraic (respectively, 
analytic) subsets, 

W = XoDXiD---D Xk+i = 0, 

such that, for all j = 0, . . . , k, there exists a = a{j) e N'^ with the properties that, for 
every a e Xj\Xj+i: 

(1) D"A(a) 7^ 0, where denotes the partial derivative d^'^^/dx^^ ■ ■ ■dx'^ , with a = 

(q!1, . . . , an), laj = Q!i + h an- 

(2) If G G 0^(^a) o.'i^d F — G o (fg^ converges in a ball \x — a\ < r, where r < 1, then G 
has radius of convergence 

TG > S\D°'A(a)\\^. 

Corollary 1.5. Let U be an open subset of and let g: U ^ M. denote an analytic 

function that is semialgebraic (respectively, globally subanalytic) . Let be a closed semial- 
gebraic (respectively, subanalytic) subset of dU , and assume that g admits a local analytic 
extension at each point of dU\T,. Then there is a partition V = {Si} of dU\T, such that V 
is finite ( respectively, locally finite in dU ), each Si is a semialgebraic ( respectively, bounded 
subanalytic) subset ofW^, and, for eachi, there is a continuous semialgebraic (respectively, 
subanalytic) function pi: Si ^M. such that, for all b & Si, g extends to an analytic function 
that is semialgebraic (respectively, subanalytic) on the ball of radius Piih) centred at b. 

We sketch a proof of Theorem 1.4 in Section 3 below; the theorem follows immediately 
from estimates used by Augustin Mouze in [M, §1.2] to prove a more precise version of 
the theorem of Chaumat and ChoUet [CC]. In Section 2, we deduce Corollary 1.5 from 
Theorem 1.4 and we answer Miller's questions. I am happy to acknowledge my discussions 
with Anne-Marie ChoUet, Augustin Mouze and Vincent Thilliez concerning [CC] and [M], 
and to thank Artur Piekosz for pointing out some inaccuracies in an earlier manuscript. 

2. Extension of semialgebraic and subanalytic functions 

The following example shows that the answer to (1.1) is "no" in general for a subanalytic 
function on a subanalytic domain. 
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Example 2.1. Let U = {{x,y) e R"^ : x > 0, y > 0} and let 

1 



2 1 

a;^ I sin — h 
' X 



The denominator of g{x, y) has zero-set 

Z = {x = 0} U = 0, sin i = o| , 

and is analytic except at points where a; = 0. Therefore, g{x,y) is subanalytic. (In fact, it 
is semianalytic.) But E = Z fl {a; > 0, y > 0} is not subanalytic. 

Let g: U ^ M. denote an analytic function on an open subset U of such that g is 
semialgebraic (respectively, subanalytic). We compactify to real projective space P"', 
and we compactify M to P-*^ = S^; write oo for the point at infinity of the latter. The 
following conditions are obviously equivalent: 

(2.2) (i) g is semialgebraic. 

(ii) The graph of g is semialgebraic as a subset of x S^. 

(iii) The graph of g is semialgebraic as a subset of P" x 5^. 

For the subanalytic analogues of these conditions, we have (iii) (ii) (i). We say 
that g is a, global subanalytic function if it satisfies the analogue of (ii); i.e., the graph of g 
is subanalytic as a subset of M."' x S^. Clearly, a bounded subanalytic function is globally 
subanalytic. 

Theorem 2.3. Let U be an open subset of and let g: U W denote an analytic 
function. Let S C dU denote the set of points at which g does not admit an analytic 
extension. If g is semialgebraic (respectively, globally subanalytic) , then T, is a closed 
semialgebraic (respectively, subanalytic) set. 

Proof. Let X denote the closure of the graph of g in F"^ x . Since the question is local, if 
g is globally subanalytic, then we can reduce to the case that the graph of g is subanalytic 
in P"' X S'-'^. So we assume that X is semialgebraic (respectively, subanalytic). 

By the uniformization theorem for semialgebraic or subanalytic sets [BM, Theorem 
0.1], there is a compact real algebraic (respectively, analytic) manifold M of dimension n. 



CONTROL OF RADII OF CONVERGENCE AND EXTENSION OF SUBANALYTIC FUNCTIONS 5 

and an algebraic (respectively, analytic) mapping $ = (</?,/): M ^ P" x S'-^ such that 
$(M) = X. We can assume that $ (and therefore ip) has maximum rank n on each 
component of M. There is a bound s on the number of connected components of the fibres 
of (p [BM, Theorem 3.14]. Let denote the s- fold fibre-product oi M with respect to (p; 
i.e., 

:= {x = {x\... ,x') e M' : if{x^) = ••• = ip{x')} 

and let (p: — > P"' denote the mapping induced by (p. 

We say that a e is an s-fold graphic point of $ if there exists g- e 0^(^a) such that 
/a* — 9~ ° fa^^ i = • • • 7 where a = (a^, . . . , o*) (and denote the germs of 

/, (p at a*). Let £| C denote the subset of points that are not s-fold graphic points 
of $. Then ^ is a closed algebraic (respectively, analytic) subset of [BM, Corollary 
7.13]. But g extends to a neighbourhood of a point h e dU precisely when h ^ ^{E) and 
(6,oo) ^x.n 

Proof of Corollary 1.5. Let g: t/ — M be an analytic function that is semialgebraic (re- 
spectively, globally subanalytic) . Let F C P" x S'^ (respectively, F C x 5^) denote 
the closure of the graph of g. By the uniformization theorem [BM, Theorem 0.1], there 
is an algebraic (respectively, analytic) manifold M and a proper algebraic (respectively, 
analytic) mapping $ = ((^, /): M ^ P"^ x 5"^ (respectively, $=((/?,/): M ^ x S'^) 
such that $(M) = Y . Again, we can assume that $ (and hence ip) has maximum rank 
n on each component of M. Suppose a e M and b = (p{a) e dU. If g extends to an 
analytic function in a neighbourhood of b, then fa = gb°<fa, where g^ denotes the germ 
of an extension at b. Corollary 1.5 is now a simple consequence of Theorem 1.4. □ 

Theorem 2.4. Let U be an open subset ofW^ and let g: U ^M. be an analytic function 
that is semialgebraic (respectively, globally subanalytic). Let T, be a closed semialgebraic 
(respectively, subanalytic) subset ofdU. Assume that g admits a local analytic extension 
at each point of dU\T,. Then g extends to a neighbourhood of U\E as an analytic function 
that is semialgebraic (respectively, globally subanalytic). 

Proof. Consider a partition V = {Si} of dU\T, and continuous semialgebraic (respectively, 
subanalytic) functions pf. — > R satisfying the conclusion of Corollary 1.5. For each z. 
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set 



Ui^U {y: \y-b\<pi{b)}; 



bes^ 



then Ui is an open semialgebraic (respectively, subanalytic) neighbourhood of Si. Let 
V = LiiUi. Then V' is an open semialgebraic (respectively, subanalytic) neighbourhood 
of dU\T,. By Corollary 1.5, g extends toUUV but, in general, only as a multivalued 
function. 

Let T denote a finite semialgebraic triangulation of (respectively, a locally finite 
subanalytic triangularization of M") that is compatible with U, E and each Ui [H] and 
let B{T) denote the bary centric subdivision of T. Let V denote the union of all open 
simplices of B{T) that are adherent to dU\T,. (An open simplex means a simplex minus 
its boundary.) Then V is an open neighbourhood of dU\T,, and g extends to t/ U F as an 
analytic function that is semialgebraic (respectively, subanalytic). □ 

Remarks 2.5. (1) The assertions of Theorems 2.3 and 2.4 under the weaker hypotheses 
that g is semialgebraic (respectively, globally subanalytic) but not necessarily analytic 
throughout U follow immediately from the theorems as stated. 

(2) There are analogues of Theorems 2.3 and 2.4 for a semianalytic function g: U ^ R 
that can be proved using a real normalization of an analytic hypersurface containing the 
graph of ^ in a neighbourhood of a point of its closure. 



In this section, we show that Theorem 1.4 follows from the estimates used by Mouze [M, 
§L2] to prove his generalization of the theorem of Tougeron and Chaumat-ChoUet. Let (p: 
V KV' denote an algebraic (respectively, analytic) mapping, where F is a neighbourhood 
ofOinK". (K = Mor C.) Let 



3. Control of radii of convergence 



dip _ dj^l , yn) 

dx d{xi, ... ,Xn)' 



so that 
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where (■)^ denotes the transposed matrix of cofactors, A = dBi{dip/dx) and I is the 
identity matrix. Write T^^^ for the ji cofactor of d^p/dx. (Shrinking V if necessary), 
we can choose constants ci > 1 and C2 > 1 such that, for aU ck e N" and a e V, 
|i:>"A(a)| < a!ci4"' and each \D''T'^^{a)\ < alci^"'. 

We can assume that <^(0) = 0. Let /i(a) (respectively, I'ia)) denote the order of vanishing 
of A (respectively, of {d(f/dx)'^) at a point a &V. 

Consider f = g o ip^ where g is an analytic function in a neighbourhood of (/?(a), a & V . 
By the chain rule, 

y^l^— o = ^ 1 = 1 ^ 



By Cramer's rule. 



From the formulas obtained by repeated differentiation, we get analytic functions on 
V, for aU a,/? e N", such that 

/^''\^\-^.{{D^g)o^)^ TiD-f, 

H<\f3\ 

where, at each a e V, has order > \a\ — ii{a) + |/3|(//(a) + v{a) — l) (cf. [M, Lemme 
1.2.4]). Moreover, there are constants C3 > 1, C4 > 1 depending only on ci,C2 and n, such 
that, for aU a, 7 e N" and aU a e F, 



7! 



^ C3 C4 
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[M, Lemme 1.2.5]. 

Let a e y and let h = ip{a). If F G Ca and a G N"", let D'^F denote the formal 
derivative of F of order a; thus, if / G and fa denotes the Taylor series of / at a, then 
D°'fa = {D^-f)^ . Consider F = G o (p^i where G is a formal power series centred at h. 
Write G = E;3eN» Gp{y - hf , F = E Q^f^n Fa{x — 0)°^. Assume that F converges in a ball 
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Ix — a| < r, where r < 1; thus, if c = 1/r, then there is a constant c' such that |Fq,| < c'cl"l, 
for all a e N"-. As above, for all (3 eN"^, 

(3.1) A^l-i • {(Df'G) o = Yl )« • 

l«l<l/3| 

Let denote the right-hand side of (3.1); write — '^^^^n H^{x — a)'^ . It is not 
difficult to estimate 

where C5 depends only on C3, C4 and n [M, 1(2.6.9)]. 

We now compare terms of degree (2|/3| — l)/u(a) in (3.1). Order multiindices 7 e 
according to the lexicographic order of (I7I, 71, . . . , 7n)- Let a denote the smallest 7 such 
that L>TA(a) ^ 0. Then (D(2|/3|-i)«A2|/3|-i)(a) = (D«A(a))^'^'"^ and, from (3.1), 

(D-A(a))^l^|-V!G, = ifg|,|_,),. 

We obtain 



(D«A(a))2|/3|-i' 

where ce, cy depend only on n, //(a), C3, C4, C5. In other words, G converges in an open 
ball centred at 6, of radius at least 



— |i:>°=A(a)|V('*)-''('*)+^ 



C7 

Now, shrinking V if necessary, we can assume that //(a) < //(O) and v{a) < z^(0), for all 
a e Therefore, V has a finite partition into sets 

:= {a e F : //(a) = v{a) = z^}; 

each Sp^,^ is a difference of closed algebraic (respectively, analytic) subsets of V. 

For each a E V , let a{a) denote the smallest multiindex 7 such that /S.{a) ^ (in 
particular, \(y.{a)\ = iJi(a)). Clearly, there is a finite filtration of V by closed algebraic 
(respectively, analytic) subsets F = Xq D Xi D • • • such that, for each j = 0, 1, . . . , there 
exist V and a e N" such that Xj\Xj^i C ^^,v and a{a) = a for all a e Xj\Xjj^i. 
Theorem 1.4 follows. 



CONTROL OF RADII OF CONVERGENCE AND EXTENSION OF SUBANALYTIC FUNCTIONS 9 



References 

[BM] E. Bierstone and P.D. Milman, Semianalytic and subanalytic sets, Inst. Hautes Etudes Sci. Publ. 
Math. 67 (1988), 5-42. 

[CC] J. Chaumat and A.-M. Chollet, On composite formal power series, Trans. Amer. Math. Soc. 353 
(2001), 1691-1703. 

[H] H. Hironaka, Triangulations of algebraic sets. Algebraic Geometry, Areata 1974, R. Hartshorne (ed.), 

Proc. Sympos. Pure Math., vol. 29, Amer. Math. Soc., Providence, 1975. 
[M] A. Mouze, Anneaux de series formelles a croissance controlee, These de Doctorat, Universite des 

Sciences et Technologies de Lille, 2000. 
[T] J.C. Tougeron, Sur les racines d'un polyndme a coefficients series formelles, Real Analytic and 

Algebraic Geometry, Proceedings, Trento 1988, M. Galbiati and A. Tognoli (eds.), Lecture Notes in 

Math., vol. 1420, Springer- Verlag, Berlin, Heidelberg, New York, 1990. 

Department of Mathematics, University of Toronto, Toronto, Ontario, Canada M5S 
3G3 



